Abstract. Let p: P ! M be an arbitrary principal G-bundle. We give a full proof of the Euler^Poincare¤ reduction for a G-invariant Lagrangian L: J 1 P ! R as well as the study of the second variation formula, the conservations laws, and study some of their properties.
Introduction
In mechanics, the paradigm of Lagrangian reduction is the Euler^Poincare¤ reduction. This process can be summarized as follows. We begin with a Lie group G and a Lagrangian L: TG ! R invariant under the natural action of G on its tangent bundle. This naturally induces a function l: TG=G ' g ! R called the reduced Lagrangian. Moreover, the Euler^Lagrange equations for L for curves on G are equivalent to a new kind of equations for l for the reduced curves in the Lie algebra g. These equations are known as the Euler^Poincare¤ equations ; see, for example, [1] and [10] for an exposition of this topic.
The ¢rst attempt to extend these ideas to ¢eld theories has been done in [3] . In this case, the analogue of the Euler^Poincare¤ reduction deals with a Lagrangian de¢ned on the ¢rst jet bundle of a principal bundle L: J 1 P ! R, invariant under the natural action induced by the structure group G on J 1 P. The reduced variational problem now takes place on C :¼ ðJ 1 PÞ=G, the bundle of connections, and has a nice geometrical interpretation in terms of connections. In [3] , the authors studied reduction and reconstruction only for matrix groups as well as some examples in local coordinates. In this Letter we complete [3] with a proof for general Lie groups and we add several facts that are important for a future general theory of Lagrangian covariant reduction. Firstly, we show that the reduced problem is a variational problem with constrains in the algebra of admissible variations, which turns out to be the gauge algebra. Secondly, we prove that the Euler^Poincare¤ equations are nothing but the Noether conservation law in terms of the reduced space C. We also prove Noether's theorem for reduced symmetries. Finally, we write the second variation formula for the reduced problem and we study the example of harmonic mappings in detail.
Although the covariant Euler^Poincare¤ equations represent an unavoidable ¢rst step to a complete theory of Lagrangian reduction on ¢ber bundles, we would nevertheless like to emphasize its role in the framework of the variational calculus with constrains. The admissible variations of the reduced problem as well as the compatibility condition given in Theorem 2 are typical restrictions in the theory of constrains. The deduction of the Euler^Poincare¤ equations for the reduced Lagrangian l from the free variational principle for L can be used backwards as sometimes the free variational problem is easier to handle with than the reduced problem.
In this Letter the summation convention of repeated indices will be used. The space of smooth sections of a bundle E ! M will be denoted by C 1 ðEÞ.
Preliminaries
Let p: P ! M denote an arbitrary right principal bundle with structure group G. The group G acts on the tangent bundle TP by lifts, that is, X Á g :¼ T e R g X , for X 2 TP, where R g denotes the right action of the element g 2 G on P. The quotient space ðTPÞ=G is a smooth vector bundle over M. The bundle of connections p: C ¼ CðPÞ ! M is by de¢nition the sub-bundle of HomðTM; ðTPÞ=GÞ de¢ned by those elements G x : T x M ! ððTPÞ=GÞ x that satisfy p Ã G x ¼ Id T x M (see, for example, [4, 5] ). As is well known, C is an af¢ne bundle modeled over the vector bundle T Ã M adP ! M, where adP :¼ ðP Â gÞ=G is the adjoint bundle, that is, the associated bundle to P ! M with respect to the adjoint representation of G on g; the right G-action on P Â g is given by g Á ðz; xÞ ¼ ðz Á g; Ad g À1 xÞ for z 2 P and x 2 g. Each global section s G : M ! C corresponds bijectively to a principal connection G on the bundle P.
Let J 1 P ! P be the bundle of jets of local sections of p. The group G acts naturally on
x ðR g sÞ, for any j 1 x s 2 J 1 P and g 2 G. It is well known that the quotient manifold ðJ 1 PÞ=G can be identi¢ed with the bundle C of connections of P. The projection q: J 1 P ! C is a principal G-¢ber bundle isomorphic to the bundle p Ã P (cf. [5] ). An automorphism of the bundle P is a diffeomorphism F: P ! P equivariant with respect to the right action of G; i.e., such that Fðu Á gÞ ¼ FðuÞ Á g, for all u 2 P and g 2 G. Automorphisms are necessarily ¢ber preserving maps, that is, every automorphism F naturally induces a diffeomorphism j: M ! M satisfying p F ¼ j p. Denote by AutP the in¢nite-dimensional Lie group of all automorphisms of the principal bundle P and de¢ne the gauge group GauP to be the Lie subgroup consisting of those automorphisms that cover the identity on M.
The Lie algebra autP of the group AutP is the algebra of G-invariant vector ¢elds on P, that is, vector ¢elds X 2 XðPÞ such that ðR g Þ Ã X ¼ X , for all g 2 G. Such G-invariant vector ¢elds are also called in¢nitesimal automorphisms. The subalgebra gauP of vertical G-invariant vector ¢elds is the Lie algebra of the gauge group GauP. It is clear that autP can be seen as the space of sections of the bundle ðTPÞ=G and gauP as the space of sections of the bundle ðVPÞ=G, where V :¼ ker T p is the vertical bundle of P. Since ðVPÞ=G is bundle isomorphic to adP, one can identify gauP ffi C 1 ðadPÞ: Given a local trivialization U Â G & P and an element B 2 g, we de¢ne the vector ¢eldB B as the in¢nitesimal generator of the £ow ððx; gÞ; tÞ 7 ! ðx; expðtBÞgÞ. If 
where the right-hand side of the previous formula is understood as an element of ððTPÞ=GÞ x since it is a G-invariant vector ¢eld along p À1 ðxÞ, x 2 U. Given an automorphism F 2 AutP, its 1-jet lift F ð1Þ :
The automorphism F also de¢nes a unique diffeomorphism F C : C ! C such that for every section s G : M ! C of the bundle of connections, we have F C s G ¼ s FðGÞ j, where G is the connection on P associated to s G and FðGÞ is the image of G by F (cf. [9, p. 79] ). The map F 7 ! F C (resp. F 7 ! F ð1Þ ) from AutP to Diff C (resp. Diff J 1 P) is a homomorphism of groups which induces a Lie algebra homomorphism autP 3 X 7 ! X C 2 XðCÞ (resp. autP 3 X 7 ! X ð1Þ 2 XðJ 1 PÞ). Finally, we review some basic facts concerning the calculus of variations on ¢ber bundles. A Lagrangian density is a ¢ber bundle morphism L: J 1 P ! V n T Ã M (the line bundle of n forms on M). We assume that M is oriented by a volume form u, which shall be ¢xed throughout the paper. Then we can write L ¼ Lu, where L: Sðs e Þ ¼ 0. Vertical means that the vector ¢eld d=dej e¼0 s e is p-vertical. Nonvertical variations can be also considered. As is well known, s is critical if and only if it satis¢es the Euler^Lagrange equations ELðLÞðsÞ ¼ 0 (cf. [6] ).
It is a basic fact that d=dej e¼0 Sðs e Þ does not depend on the variation s e itself but only on the vector ¢eld ds ¼ d=dej e¼0 s e along s de¢ned by it. For that reason, it is not necessary to check that s is critical with respect to all variations s e . It is enough to check d=dej e¼0 Sðs e Þ ¼ 0 for a suitable subclass of variations such that every vertical vector ¢eld along s can be obtained as the derivative of a variation belonging to this class.
Euler^Poincare¤ Reduction
Assume that the Lagrangian L: 
The symmetries given by the group G can be used to reduce the Euler^Lagrange equations of L. These reduced equations are called the Euler^Poincare¤ equations of the reduced Lagrangian l on C. Before giving the precise statement of this result we introduce some necessary notation
We ¢x a connection H on the bundle P. The section s H of C ! M associated to H allows us to identify C with the vector bundle it is modeled over, that is, we obtain a diffeomorphism Since ðadPÞ Ã is an associated bundle to P with respect to the coadjoint action
where the covariant Lie derivative is de¢ned by $
, and u is the ¢xed volume form on M. This operator veri¢es the following property (cf. [3] 
; ; h i is the natural pairing between dual spaces and div stands for the usual divergence operator on M.
Given s H 2 C 1 ðT Ã M adPÞ, de¢ne the operator ad x sÞ, where q: J 1 P ! C ¼ ðJ 1 PÞ=G is the canonical projection. Then, for every principal connection H on P, the following are equivalent:
x sÞu ¼ 0 holds, for vertical variations ds along s with compact support, (2) the local section s: U ! P satis¢es the Euler^Lagrange equations for L, (3) the variational principle d R U lðsðxÞÞu ¼ 0 holds, using variations of the form
where Z: U ! adP is any section of the adjoint bundle with compact support, (4) the Euler^Poincare¤ equations hold:
Proof. The equivalence ð1Þ , ð2Þ is a standard result of the calculus of variations. For ð1Þ , ð3Þ, it is enough to prove that for a given in¢nitesimal vertical variation ds ¼ d=dej e¼0 s e , the expression of the reduced variation ds ¼ d=dej e¼0 qðj 1 s e Þ is given by (2) . Given ds along s, let X 2 gauP U be the unique gauge vector ¢eld such that ds ¼ X j sðMÞ . By means of the identi¢cation gauP ' C 1 ðadPÞ, X determines a section Z of the adjoint bundle. To prove that, ds ¼ r H Z À ½s H ; Z, the problem being local, we work in a local trivialization V Â G of the principal G-bundle P where V & U is open in M. In this trivialization one can write sðxÞ ¼ ðx; gðxÞÞ for a certain smooth mapping g: V ! G. This local trivialization induces an identi¢cation of the restriction Cj V of the af¢ne bundle C with the trivial vector bundle T Ã V g. The section s ¼ qðj 1 sÞ has therefore the expression sðxÞ ¼ T gðxÞ R gðxÞ À1 ðT x gÞ. We can identify adPj V with V Â g by means of the identi¢cation fðx; gÞ; Bg G 7 ! ðx; Ad g BÞ, where fp; Bg G represents the class of ðp; BÞ in adP ¼ ðP Â gÞ=G. Then Z 2 C 1 ðadPÞ can be written as ZðxÞ ¼ ðx; xðxÞÞ for certain mapping x: V ! g and the in¢nitesimal variation ds is thus obtained as the derivative of the variation s e ðxÞ ¼ ðx; expðexðxÞÞgðxÞÞ. Indeed for e ¼ 0 we have s 0 ¼ s and the derivative of s e with respect to e is the gauge vector ¢eld X along the section s which coincides, by construction, to ds. Therefore 
where we used of the properties of the divergence operator div H , and, for the last 
If s is the composition of j 1 s with the projection q: J 1 P ! C, for a certain section s of p, then s is a £at connection. This follows from the geometrical meaning of q. Indeed, given j 1 x s, the element qðj 1 x sÞ 2 C is the G-distribution H & TP whose ¢ber H p at p 2 P is the vector space complementary to the vertical space V p P & T p P; for p 2 p À1 ðxÞ & P, such that H sðxÞ ¼ T x sðT x MÞ. Then it is clear that s is £at and its integral leaves are the sections R g s, g 2 G. For the converse, every £at connection with trivial holonomy de¢nes a foliation of P such that every leaf is a section s of p. It is obvious that s ¼ qðj 1 sÞ and from Theorem 1, s is a solution of ELðLÞðsÞ ¼ 0 if and only if EPðlÞðsÞ ¼ 0. & PROPOSITION 3. Let s: U ! P be a local section of p and let ds an arbitrary variation of s (not necessarily vertical). Let X 2 autPj U be the unique G-invariant vector ¢eld on p À1 ðUÞ such that Xj sðUÞ ¼ ds. Then we have ds ¼ ðX C Þj sðUÞ . Proof. We prove that if X 2 autP, then the vector ¢eld X ð1Þ is an in¢nitesimal automorphism of the principal ¢ber bundle q: J 1 P ! C which projects onto the vector ¢eld X C 2 XðCÞ. This is equivalent to prove that, for any F 2 AutP, F ð1Þ is an automorphism of q: J 1 P ! C projecting onto the diffeomorphism F C . The G-equivariance of F ð1Þ with respect to the action of G on J 1 P is easily obtained from the de¢nition of F 
are the structure constants of the Lie algebra g. This is the classical expression of X C given in the literature (cf. [5, 7] ).
By Theorem 1 and Proposition 3 we can characterize the reduced problem in a geometric way. Namely, the reduced problem is a zero order variational problem on the space of connections de¢ned by the Lagrangian l: C ! R with constraints on the space of possible variations. The allowed in¢nitesimal variations along a section s of C ! M are the gauge vector ¢elds X C , X 2 gauP, on C.
The set of permitted variations form a Lie algebra with respect to the Lie bracket. We now show that this Lie algebra can be enlarged up to autP, but always dealing with sections s satisfying the local compatibility condition CurvðsÞ ¼ 0 stated in Theorem 2. More precisely: Proof. It is a well-known fact of the calculus of variations that a critical section s for vertical variations is also critical for arbitrary variations and vice-versa. For ð1Þ ) ð2Þ, given an arbitrary variation ds along s, let X be the vector ¢eld in autP such that X j sðUÞ ¼ ds. From Proposition 3, ds ¼ ðX C Þj sðUÞ , thus obtaining ð2Þ. For the converse, if s is critical for X 2 autP, then X is necessarily critical for X 2 gauP. Thus, s satis¢es the condition of Theorem 1, point 3, and hence s must be also critical. & Proof. First we remark that, given B 2 g, the in¢nitesimal generator B of the action on the principal ¢ber bundle q: J 1 P ! C coincides with the lift ðB Ã Þ ð1Þ . On the other hand, we have
Conservation Laws
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that is, J is of the coadjoint type. We work now in a trivialization of P given by U Â V , U open in M, V open in G, whose coordinates shall be denoted by ðx i ; y a Þ. Taking the local expression of the Poincare¤^Cartan form (see, for example, [6] )
where u i ¼ i @=@x i u, we see that J is horizontal with respect to the projection p 1 : J 1 P ! M and, in particular, with respect to q: J 1 P ! C. Then J is a tensorial form of the coadjoint type and, consequently, it de¢nes a ðn À 1Þ-form J on C taking values in the coadjoint bundle associated to the principal bundle q:
This coadjoint bundle is isomorphic to p Ã ðadPÞ Ã . Let now V be a neighborhood of the identity e in G and denote by ðy a Þ, 1 W a W m, the normal coordinate system induced by the exponential on G and the given basis fB 1 ; . . . ; B m g of g. Then, along the section j 1 s 0 , with s 0 ðxÞ ¼ ðx; eÞ, it is easy to check that J, seen as a g Ã -valued ðn À 1Þ-form, has the expression J ¼ ð@L=@y
a . The identi¢cation between TM and V nÀ1 T Ã M given by the volume form u gives the expression of the associated g Ã -valued vector ¢eld on
which naturally induces the section 
THE SYMMETRIES OF THE REDUCED LAGRANGIAN l
We say that a vector ¢eld on C is an in¢nitesimal symmetry of the reduced Lagrangian l if (1) it is of the form X C with X 2 autP, and (2) $ X C ðluÞ ¼ 0.
Condition (1) says that the in¢nitesimal symmetry must belong to the algebra of admissible variations of the variational problem, which is, by virtue of Proposition 5, the algebra of all vector ¢elds of the form X C , with X 2 autP. Condition 2) can be written as X C ½l þ ldivðX 0 Þ ¼ 0, where X 0 is the projection of X onto M and X C ½l ¼ $ X C l ¼ hdl; X C i is the derivative of l in the direction X C . PROPOSITION 9. If s is a solution of the Euler^Poincare¤ equations satisfying the compatibility condition CurvðsÞ ¼ 0 and X C , X 2 autP, is an in¢nitesimal symmetry of l, the following conservation holds
where X 0 is the projection of X onto M and Y 2 GðadPÞ ¼ gauP is the vertical part of X with respect to the connection H s de¢ned by s.
Proof. We decompose the vector ¢eld X 2 autP as X ¼ Y þ Z, where Y is vertical and Z horizontal with respect to H s . We note that Y 2 gauP and Z 2 autP. Along the section s, we have
where Y 2 gauP is seen as a section of adP. Since s is a critical section, it follows that EPðlÞðsÞ ¼ 0. Because CurvðsÞ ¼ 0, there locally exists a section s of the bundle 
The Second Variation
We now discuss the second variation formula (the Hessian) along a critical section s of the Euler^Poincare¤ equations. As the variational problem de¢ned by l is not free, the expression of the Hessian does not take its usual form (see, for example, [8] ). For a complete description of the Hessian, one has to deal only with admissible variations and take into account their special structure. More precisely, given two admissible vertical variations ds 1 and ds 2 along a solution s of (3), we de¢ne
By Proposition 3, we know that ds 1 ¼ X C j sðUÞ and ds 2 ¼ Y C j sðUÞ for certain X ; Y 2 gauP. Then the previous formula easily yields
where ; h i stands for the natural pairing between TM ðadPÞ Ã and its dual. that is, Hess l s is a symmetric bilinear operator de¢ned on the space of admissible vector ¢elds along s.
Proof. As s is a critical section, we have that The expression given in formula (5) is not very convenient. For example, the Jacobi ¢elds, that is, the variations ds belonging to the kernel (or null-space) of the bilinear form Hess 
since Y has compact support. As the section Y 2 C 1 ðadPÞ is arbitrary, the fundamental lemma of the calculus of variations gives the condition for the Jacobi vector ¢elds. &
Example: Harmonic Mappings
Let ðM; gÞ be a compact oriented Riemannian manifold, and let ðG; hÞ be a Lie group equipped with a right invariant Riemannian metric. We identify the mappings f: M ! G with the global sections of the trivial principal bundle P ¼ M Â G endowed with the trivial connection. For each f 2 C 1 ðM; GÞ, we de¢ne the energy E on C 
